In this study, the energy spectrum and the energy interactions of the atmospheric general circulation are analyzed, using the expansion in three dimensional normal mode functions for JRA-25 and ERA-40. The analytical solutions of the vertical structure equation are used for the expansion in the vertical direction. The problem of aliasing associated with the numerical solution is avoided by the present approach.
Introduction
The atmospheric energetics has been investigated since the atmospheric energy flow was discussed by Lorenz (1955) , using the concept of the available potential energy. Saltzman (1957) expanded the energy equations into the zonal wavenumber domain, and showed that the kinetic energy of the cyclone-scale waves is transformed into both the planetary waves and the short waves in term of nonlinear wavewave interactions. Kasahara (1976) showed a computational scheme of normal mode functions, which is called Hough functions in the barotropic atmosphere. The normal modes are the solutions of the linearized primitive equations over a sphere, and have been applied extensively to nonlinear normal mode initialization techniques. He applied the Hough functions to an orthonormal basis for the energy decomposition in the meridional mode domain. Since Kasahara and Puri (1981) first obtained orthonormal eigensolutions to the vertical structure equation, it became possible to expand the atmospheric data into the threedimensional harmonics of the eigensolutions. Tanaka (1985) and Tanaka and Kung (1988) studied the atmospheric energy spectrum and interactions expanding the atmospheric data to the three-dimensional normal mode functions. The vertical structure functions used by them were obtained by solving the vertical structure equation with a finite difference method. The numerical vertical structure functions have quite large aliasing for higher order vertical modes, indicating largest amplitudes near the sea level despite that the analytical solutions indicate the largest amplitudes always in the upper atmospehre (see Sasaki and Chang 1985) .
The energy spectrum and interactions, which are calculated by using the numerical vertical structure functions, also have quite large influences of aliasing for high order modes. For this reason, it is desired to calculate the atmospheric energy spectrum and interactions by using the analytical vertical structure functions which have no aliasing.
In this study, we first obtain a set of analytical vertical structure functions by assuming a constant static stability parameter. The vertical energy spectrum and interactions are then analyzed using the analytical vertical structure functions. The analysis is followed by the ordinary Fourier expansion in the zonal direction and by the Hough harmonics in the meridional direction to complete the 3D normal mode energetics analysis. By summing up the normal mode energetic terms within the same categories, for example, barotropic mode, baroclinic mode, zonal or eddies, it is possible to investigate the characteristics in the energy interactions among them. In Section 2, the governing equations, including the analytical vertical structure functions, and the data used in this study are described. In Section 3, the results of the 3D normal mode enegetics based on the analytical vertical structure functions are presented for JRA-25 and ERA-40. Finally, concluding remarks are given in Section 4.
Governing equations and data
The governing equations used in this study are the 3D spectral primitive equations on a sphere (Tanaka 1985; Tanaka and Terasaki 2005) . A system of primitive equations with a spherical coordinate of longitude l, latitude y, pressure p, and time t may be reduced to three prognostic equations of horizontal motions and thermodynamics for three dependent variables of U ¼ ðu; v; fÞ T . Here, u and v are the zonal and meridional components of the horizontal velocity, and f is a departure of geopotential from the reference state.
In order to obtain a system of 3D spectral primitive equations, we expand the state variable vectors U in 3D normal mode functions in a resting atmosphere, P nlm ðl; y; pÞ, which are defined by a tensor product of the vertical normal modes and the horizontal normal modes of the Hough harmonics (Kasahara 1976 where the dimensionless expansion coefficients w nlm ðtÞ are the functions of time only. The subscripts represent zonal wavenumber n, meridional index l, and vertical index m. The scaling matrix should be defined for each vertical index as
; gh m Þ, where diag represents diagonal matrix, and ffiffiffiffiffiffiffiffiffi gh m p is a phase speed of gravity waves in shallow water associated with the equivalent height h m and the earth's gravity g.
The expansion coefficients in (1) may be computed by the 3D Fourier transforms of U from the physical domain: w nlm ðtÞ ¼ hUðl; y; p; tÞ; X À1 m P nlm ðl; y; pÞi; ð2Þ where the inner product h ; i is defined from the global mass integral over the sphere.
The basis functions in the vertical direction are the solutions of the vertical structure equation as follows:
where G m is the vertical structure function,
, a ¼ g/T s , p s (¼ 1000 hPa) and T s (¼ 300 K) are surface pressure and surface temperature of the reference state, R is the gas constant of dry air, and g (¼ 30 K) is a static stability parameter which is assumed to be a constant in this study.
Since g is a constant, the vertical structure equation becomes the so-called Euler equation. Applied to a rigid top boundary condition at s ¼ e, the problem is reduced to the regular boundary value problem of the Sturm-Liouville type. In this study the top of the atmosphere is assumed at p ¼ 1 hPa.
Under this geometric configuration, we can solve the Euler Equation as a series solution (see William and Richard 1977) , and the infinite series of the vertical structure functions are represented as follows:
where the eigenvalues l m are obtained by solving the eigenvalue problem of (3), and the equivalent height h m and the corresponding vertical scale of each vertical mode are listed in Table 1 . C 1 and C 2 are obtained from the boundary conditions (4) and (5), and normalized as C 2 1 þ C 2 2 ¼ 1. By expanding the state variables in 3D normal mode functions, we obtain a system of 3D spectral primitive equations in terms of the spectral expansion coefficients:
where t is a dimensionless time scaled by ð2WÞ À1 , W is the angular speed of the Earth's rotation, and s nlm is the eigenfrequency of the Laplace's tidal equation. The complex variables b nlm , c nlm and d nlm are the expansion coefficients of the nonlinear terms associated with momentum and heat energy equations, and the diabatic processes, evaluated as the residual balance of (9), respectively.
The energy of the normal mode is defined as the square of the absolute value of the complex expansion coefficient w nlm , multiplied by a dimensional factor chosen so that the energy is expressed in Jm À2 :
In order to obtain the energy balance equations for the normal modes, (10) and (11) are differentiated with respect to time t. Substituting (9) into the time derivatives of w nlm , we obtain finally:
where
According to (12), the time change of the energy is caused by the three terms which appear in the right hand side of (12). Here, B nlm and C nlm are respectively associated with the nonlinear mode-mode interactions of kinetic and available potential energies, and D nlm represents an energy source and sink due to the diabatic process and dissipation, and the asterisk denotes the complex conjugate. The nonlinear vertical energy flux can be obtained by summing up nonlinear interaction terms B and C.
where F B and F C are the kinetic energy flux and the available potential energy flux in the vertical spectral domain, respectively. The data used in this study are four-times daily (00, 06, 12, and 18 UTC) JRA-25 (Japanese Re-Analysis 25 years) (Onogi et al. 2007) and ERA-40 (ECMWF 40 years Re-Analysis) (Uppala et al. 2005) for December, January and February from 1979 to 2000. The data contain meteorological variables of horizontal wind u, v, vertical p-velocity, temperature, and geopotential f, defined at every 2.5 longitude by 2.5 latitude grid points over 23 mandatory vertical levels from 1000 to 0.4 hPa for JRA-25, and from 1000 to 1 hPa for ERA-40. The data are interpolated on the 46 Gaussian vertical levels in the logð p/p s Þ coordinate by the cubic spline method. The Hough vector functions are truncated by 26 Rossby modes ðl R ¼ 0-25Þ and 12 eastward and westward propagating gravity modes ðl E ¼ 0-11; l W ¼ 0-11Þ. The energetic terms are computed for each observational time, and averaged during the data period.
Analyses of the energy spectrum and interactions

Vertical structure functions
In this section, the results of the analysis of the energy spectrum and the interactions are presented, using the analytical vertical structure functions for JRA-25 and ERA-40.
First, we compare the vertical structure functions G m ðsÞ computed by the traditional finite difference method (Kasahara and Puri 1981) and the analytical solutions by (6) and (7). Figure 1 shows the vertical profiles of the vertical structure functions computed by the finite difference method, using the global mean climate temperature of JRA-25. The vertical mode m ¼ 0 is called the barotropic mode because the values of the mode is approximately constant with no node in the vertical. The vertical mode m ¼ 1 has one node in the vertical, and m ¼ 2 has two nodes and so on. These vertical structure functions of the lower order vertical modes have a right structure showing the largest amplitudes in the upper atmosphere (Fig. 1a) . However, the vertical structure functions for higher order vertical modes for m ¼ 17 to 22 (Fig. 1b) show quite large amplitudes near the sea level with almost zero values in the upper atmosphere, despite the analytical solutions are known to have the largest amplitudes in the upper atmosphere (see Sasaki and Chang 1985) .
Figures 2a and b illustrate the analytical vertical structure functions evaluated in this study for m ¼ 0 to 5 and m ¼ 17 to 22, respectively.
The envelope function of s À1/2 is superimposed in the figure. The analytical vertical structure functions for baroclinic modes are represented by trigonometric functions multiplied by the envelope function, so the profiles have larger amplitudes at the upper atmosphere. Compared with Fig. 1 , it is shown that the vertical structure functions by the finite difference method are approximately correct for the lower order vertical modes. However, those for the higher order vertical modes are totally different due to the finite difference approximation as seen in Figs. 1b and 2b . The difference may have caused by an aliasing of the numerical solution. The vertical energy spectrum and the interactions in previous studies must be highly deformed by the aliasing effect, so it must be reexamined using the analytical solutions. Figure 3 shows the total energy spectrum for JRA-25 expanded by the numerical vertical structure functions, where the total energy is the summation of the kinetic energy and available potential energy. The vertical wavenumber in the absissa is represented by the inverse of the equivalent height. Although the sum of the total energy represents the global integral for the total energy over the sphere, the spectrum is highly irregular indicating three peaks at 1 Â 10 À4 (barotropic mode), 5 Â 10 À3 ðm ¼ 8Þ, and 7 Â 10 À1 (higher order modes), respectively. A notable energy gap is seen at 1 Â 10 À2 ðm ¼ 12Þ, which may correspond to the Nyquist wavenumber. In Fig. 3 , the energy spectrum was analyzed by using JRA-25, but the same result was obtained by using ERA-40.
Energy spectrum
In contrast, Figs. 4a and b show the total energy spectrum expanded by the analytical vertical structure functions for JRA-25 and ERA-40, respectively. Contributions from kinetic energy ðKÞ and available potential energy ðAÞ are plotted also. These figures show that the difference in the energy spectrum is negligible between these two reanalyses. The vertical energy spectrum is basically the red spectrum, in that the total energy is high in the lower order modes and low in the higher order modes. There is a marked energy peak at the vertical wavenumber 5 Â 10 À3 ðm ¼ 4Þ for both K and A. This energy peak is caused by the vertical structure function for m ¼ 4 having a maximum at about 200 hPa and the opposite sign at low troposphere, as seen in Fig. 2a . The tropospheric jet around the upper troposphere may cause the secondary maximum of kinetic energy. The baroclinic structure of geopotential deviation from the global mean, which has an opposite sign at the low and high troposphere, may be reflected at m ¼ 4. The total energy at this peak is mostly explained by the available potential energy, whereas the barotropic energy at 1 Â 10 À4 is mostly contained in kinetic energy. The higher order vertical modes are mostly explained by the available potential energy, and the contributions from kinetic energy are less than 1/10. The characteristic spectral slopes are estimated as À1.0 and À0.5 of the wavenumber for kineric energy and available potential energy, respectively, ignoring the middle peak.
The result obtained in this study shows a significant contrast with the vertical energy spectrum by Tanaka (1985) , and Tanaka and Kung (1988) , where the spectrum in the higher order vertical modes appears to be zigzag as in Fig. 3 , by the influence of aliasing due to the numerical solutions.
The spectral distributions of total energy for JRA-25 and ERA-40, are illustrated in Figs. 5a and b as functions of zonal wavenumber for Rossby and gravity modes, respectively. A similar energy spectrum was analyzed by Tanaka (1985) for the zonal wavenumbers up to n ¼ 15. In this study, the spectrum is extended to n ¼ 50, using the JRA-25 and ERA-40. These two analyses show almost identical energy spectra in the zonal wavenumber domain. The energy spectrum for the Rossby mode obeys approximately À3 power law for n ¼ 5-25. This range is called the inertial subrange (Kraichnan 1967) . The spectrum at planetary waves for n ¼ 1-5 becomes more white. For n b 25, the energy spectrum for Rossby modes does not follow À3 power law, but the slope becomes steeper. The energy spectrum for the gravity modes is one order of magnitude smaller than that of the Rossby modes for syn- optic to planetary waves, but it becomes comparable at zonal wavenumbers about 50. These data may be smoothed indicating a substantial damping in the higher zonal wavenumbers.
Energy interactions
Energy interactions in the zonal wavenumber domain and in the vertical spectral domain are analyzed in this subsection based on (12). Figure 6 illustrates the nonlinear interactions of kinetic energy and available potential energy in the zonal wavenumber domain ðn ¼ 1-25Þ by, (a) summing all the vertical modes ðm ¼ 0-22Þ, (b) for the barotropic mode ðm ¼ 0Þ, and (c) for the baroclinic modes ðm ¼ 1-22Þ, respectively. Similarly, Fig. 7 illustrates the nonlinear interactions in the vertical mode domain ðm ¼ 0-22Þ by, (a) summing all zonal wavenumbers ðn ¼ 0-50Þ, (b) for zonal component ðn ¼ 0Þ, and (c) for all the eddy components ðn ¼ 1-50Þ. Those energy interactions are supposed to vanish when summed over all the wavenumbers due to the energy conservation law. However, the summation of the available potential energy interactions, term C, did not vanish by some assumptions involved and the accumulation of computational error. We thus have adjusted the error at the zonal component by redistributing it linearly as a function of the vertical and meridional wavenumbers to meet the conservation law. Such an adjustment was not nessesary for the term B.
According to the result of the analysis, energy of the general circulation of the atmosphere is first supplied at the available potential energy of zonal baroclinic components by the differential heating of the solar radiation, as indicated by the negative values of C in Fig.  7b . The negative values are balanced by the positive values of the interactions C at the eddy baroclinic components as seen in Fig. 7c and in Fig. 6c . This means that the zonal avail- able potential energy is transformed into the eddy available potential energy, both of which are contained in the baroclinic component of the atmosphere. As seen in Fig. 6c , the eddy available potential energy is converted into the eddy kinetic energy as seen by the opposite signs of B and C. It is also found that the baroclinic eddy kinetic energy is transformed into barotropic kinetic energy as seen by positive B in Fig. 6b and in Fig. 7c . The eddy barotropic energy, accumulated at synoptic to planetary waves, is finally transformed to zonal barotropic energy as seen by positive B in Fig.  7b . The kinetic energy supplied to the barotropic mode is dissipated by surface friction and viscosity. These results are consistent with Tanaka and Kung (1988) , which have been analyzed using the numerical vertical structure functions. The effect of using the analytical vertical structure functions is found at the nonlinear interactions for the higher order vertical modes.
Small but consistently negative values of the available potential energy interactions over m > 6 in Fig. 7b indicate that an energy source of the atmospheric general circulation exists in the higher order vertical modes. There are some available potential energy source at m ¼ 1 and 3. The kinetic energy interactions are hardly seen in the higher order vertical modes (Figs. 7b and c) . Figure 8 shows the energy flux of kinetic energy ðF B Þ, the available potential energy ðF C Þ, and the total energy ðF N Þ in the vertical wavenumber domain. Negative and positive values indicate upscale and downscale cascades, respectively. It is shown that the energy flux basically shows a negative value, indicating a dominant inverse energy cascade from the smaller vertical scale to the larger vertical scale motions. As a result, the atmospheric energy is transformed from the baroclinic to the barotropic components. The kinetic energy flux is the largest at the vertical wavenumber 0.00125 ðm ¼ 2Þ, and the peak of the available potential energy flux is seen at 0.01186 ðm ¼ 7Þ. It is suggested from these analyses using the analytical vertical structure functions that the energy interactions are performed by relatively larger vertical scale motions for the kinetic energy, whereas there is a complex structure of the available potential energy interactions in the higher order vertical modes.
Concluding remarks
In this study, the energy spectrum and the energy interactions of the atmospheric general circulation are analyzed, using the expansion in three dimensional normal mode functions. It is unique in this study that the analytical solutions of the vertical structure equation are used for the expansion in the vertical direction. The data used in this study are JRA-25 and ERA-40 during DJF from 1979 to 2000.
According to the result of the energy spectrum, the vertical energy spectrum is found to be a red spectrum with characteristic spectral slopes of À1.0 and À0.5 power of the vertical wavenumber for kineric energy K and available potential energy A, respectively. There is a marked energy peak at the vertical wave- number 5 Â 10 À3 for both K and A. The tropospheric jet near 200 hPa may cause the secondary maximum of the kinetic energy at the vertical structure function for m ¼ 4, having a maximum at about 200 hPa and the opposite sign at the lower troposphere. The baroclinic structure of geopotential deviation from the global mean, which has an opposite sign at the low and high troposphere, may be reflected at m ¼ 4. The barotropic energy is mostly explained by K, whereas the higher oder vertical modes are mostly explained by A.
The result obtained in this study shows significant contrast with the vertical energy spectrum by Tanaka (1985) and Tanaka and Kung (1988) , where the spectrum in the higher order vertical modes appears to be a zigzag by the influence of aliasing in the vertical structure functions.
According to the result for the energy interactions, the energy flows are represented from the zonal baroclinic energy to the eddy baroclinic energy to eddy barotropic enegy, and finally to the zonal barotropic energy, as is consistent with the result by Tanaka and Kung (1988) . It is found in this study, using the analytical vertical structure functions, that there are small but consistently negative values of nonlinear interactions of available potential energy at the zonal baroclinic components in the higher order vertical modes. The result suggests that the source of available potential energy in the zonal field is distributed in a wide range of the vertical spectrum at large vertical wavenumbers. The energy source of the atmospheric general circulation is basically explained by the solar radiation, which is transformed to sensible and latent heat. The former has a peak near the surface, while the latter has a peak in the mid troposphere. In order to represent the diabatic heating by the sensible heat near the surface, not only the lower order modes, but also the higher order modes of the vertical structure functions are required.
The analysis of vertical energy flux shows that the energy injected at the higher order baroclinic modes by the solar radiation is transformed to lower order vertical modes, ultimately to the barotropic mode.
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The left-hand side of (18) represents linear terms with matrix operators M and L and the dependent variable vector U. The matrix M is referred to as a mass matrix which is nonsingular and positive definite under a proper boundary conditions. The right-hand side represents nonlinear term vectors B and C, and a diabatic term vector D, which includes the zonal D u and meridional D v components of frictional forces and a diabatic heating rate Q. The symbol a represents the earth's radius, W the angular speed of the earth's rotation, R the specific gas constant, C p the specific heat at a constant pressure, g the static stability parameter, ' the horizontal del-operator, and o ¼ dp/dt is diagnostically related to divergence. In order to obtain a system of spectral primitive equations, we expand the vector U and D in 3-D normal mode functions in a resting atmosphere, P nlm ðl; y; pÞ:
Uðl; y; p; tÞ ¼ X The 3-D normal mode functions are given by a tensor product of vertical structure functions (vertical normal modes, G m ) and Hough harmonics (horizontal normal modes, H nlm ) as P nlm ¼ G m H nlm . It is known that they form a complete set and satisfy an orthonormality condition under an inner product h ; i defined as:
Àp/2 ð 2p 0 P Ã nlm Á P n 0 l 0 m 0 cos y dl dy dp
where the asterisk denotes the complex conjugate, the symbols d ij is the Kronecker delta, and the surface pressure p s is treated as a constant near the earth's surface. Using the orthonormality condition (27) of the 3-D normal mode functions, the expansion coefficients of the state variables w nlm and ex-ternal forcing d nlm in (25) and (26) 
Applied to the same inner product for (18), the weak form of the primitive equation becomes
